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Abstract 

Central extension DY{g) of the Double of the Yangian is defined for a simple Lie algebra g with 
complete proof for g = sh. Basic representations and intertwining operators are constructed for DY{sl2)- 
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1 Introduction 



The Yangian Y{g) was introduced by V. Drinfeld [Dl] as a Hopf algebra quantizing the rational solution 

= ^'^'^ of classical Yang-Baxter equation. As a Hopf algebra Y{g) is a deformation of the universal 
enveloping algebra U{g[u]) of polynomial currents to a simple Lie algebra g with respect to cobracket 
defined by r{u). Unfortunately, up to the moment the representation theory of the Yangian is not so rich in 
applications as it takes place, for instance, for quantum afline algebras [ JM|. We could mention the following 
gaps: 



(i) The Yangian is not quasitriangular Hopf algebra, but pseudoquasitriangular Hopf algebra [Dl]; 

(ii) There are no nontrivial examples of infinite-dimensional representations of Y{g). 

In order to get quasitriangular Hopf algebra o ne sh ould introduce the quantum double DY(g) of the 
Yangian. Detailed analisys of DY(g) was done in |KT| together with explicit description of the universal 
i?-matrix for DY{g) (complete for DY{sl2) and partial in general case). 

The most important examples of infinite dimensional representations of (quantum) afline algebras appear 
for nonzero value of central charge. Analogously, in the case of the Yangian we could expect the appearance 
of infinite dimensional representations only after central extension of DY{g). This program is realized in this 

paper with complete proof for DY{sl2)- we give a description of central extension DY{sl2) and construct 
its basic representations in bozonized form. In general case we present a description of DY{g ) withou t 
complete proof. In the forthcoming paper | KLP | we demonstrate, following general scheme of ||DFJMN |, 
how our construction produce the formulas for correlation functions in rational models 

The central extension of DY{g) could be constructed in two ways. In Faddev-Reshetikhin-Takhtajan 
approach FRT we could describe DY{g) by the set of equations 



v)L+(u)L^(v) = L^{v)L+{u)Rl._^{u - v) 



(1.1) 
(1.2) 



for matrix valued generating functions Ly{u), L^{v) of DY{g), where V{u),W{v) are finite dimensional 
representations of DY{g), Rf 



Ly^r are images of the universal i?-matrix TZ and {TZ ^)^^. Then, following | RS | 
we can make a shift of a spectral parameter in i?-matrix in equation (|l.2|) by a central element: 



V + c^^)L1y(u)L^{v) = L^{v)Lly{u)R^^{u - v). 



(1.3) 



For the construction of representations we should then extract Drinfeld generators of DY{g) from L-operators 
( pT^ ) via their Gauss decomposition [DF|. 

We prefer another way, originaly used by V. Drinfeld |D2| for his "current" description of quantum affine 
algebras. The properties of comultiplication for Y{g) show that one can extend the Yangian Y{g) (or its dual 
with opposite comultiplication Y^{g)) to a new Hopf algebra, adding the derivative d of a spectral parameter 
u. Alternativly, one can extend ^ (g) by automorphisms of shifts of u. The double of this extension is exactly 
what we want to find. Central element c is dual to derivative d. 

The plan of the paper is as follows. First we remind the description of the Yangian 1^(5/2) and of its 
quantum double from |KT|. Then we construct the central extension DY{sl2), describe the structure of 
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the universal i?-niatrix for DY^sh) and translate our description into L- operator language. In section 5 
we construct basic representation of DY{sl2) and in the last section we describe the structure of DY{g) in 
general case (without a proof). 

2 Y{sl2) and its Quantum Double 

The Yangian Y(sl2) can be described as a Hopf algebra generated by the elements Cfe, hk, fk,k>Q subjected 
to the relations 

[hk, hi]^0 , [ck, fi] = hk+i , 
[ho,ei] = 2e; , [hoji] = -2/; , 

[hk+i,ei] - [hk,ei+i] = lj{hk,ei} , 
[hk+iji] - [hk,fi+i] = -h{hk,fi} , 

[ek+i,ei] - [efc,e;+i] = h{efe,e;} , 
[fk+iJi] - [fk, fi+i] - -Hfk, fi} , (2.1) 

where h is a parameter of the deformation, {a, b} = ab + ba. The comultiplication and the antipode are 
uniquely defined by the relations 

A(eo) - eo ® 1 + 1 eo, A{ho) = ho (g, 1 + 1® ho , A(/o) = /o ® 1 + 1 ® /o, 

A(ei) = ei (g) 1 + 1 ei + h/io «) eo, A(/i) = /i ig) 1 + 1 (g) /i + h/o /iq, 

A{hi) = ft-i (g) 1 + 1 ® /ii + h/io (g) ft-o - 2h/o (g) eo. (2.2) 
In terms of generating functions 

e+(^.) :=^efe«-^-i, f+iu):=Y,fkU-''~\ h+{u) -.^ 1 + hY,hkU-''~' 

k>0 k>0 k>a 



the relations (2.1) look as follows 



+ ^,^ .+ ..,M_ lh+{u)-h+iv) 



[h+{u),h+{v)] = 

[h+{u),e+{v)] = -h 
[h+{u),f+{v)]=h 



h u — V 

{h+{u),{e+{u)-e+{v))} 
u — V 

{h+iul{f+{u)-f+iv))} 



U — V 

[e^(u), e^(w)J = — h- 



u — V 



The comultiplication is given by Molev's formulas |M], see also |KT| 



A(e+(w)) = e+(u) 1 + ^(-l)^h2^(/+(u + Yi)yh+{u) ® (e+(w)) + , (2.4) 

fc=0 

oo 

A(/+(ii)) = 1 g. f+{u) + ^(-l)'=h2*'-(/^(^))''^' ® /i+(u)(e+(7/ + h))'= (2.5) 

fe=0 

oo 

A{h+{u)) = + \)h"'{f+{u + Yi)fh+{u) ® h+{u){e+{u + h))'' (2.6) 
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Let now C be an algebra generated by the elements e^-, fk, hk, [k G Z), with relations Algebra C 

admits Z-filtration 

. . . C C_„ C . . . C C_i c Co C Ci . . . c C„ . . . C C (2.7) 

defined by the conditions dege^ = deg f k = dcghk = k; dega; £ Cm < in. Let C be the corresponding 
formal completion of C. It is proved in |KT| that DY{sl2) is isomorphic to C as an algebra. In terms of 
generating functions 

e±(u) :=±^efeU-'=-\ ± ^ := 1 ± h^ /i^u-'^-i, 

fc>0 fc>0 fc>0 

fc<0 fc<0 fc<0 

e{u) = e+{u) - e-{u), f{u) - f+{u) - f- {u) 
the defining relations for DY{sl2) look as follows: 

h''(u)h^{v) ^ h''{v)h''{u), a,b=±, 

e(u]e(v) ~ i— e(v)e(u) 

u — w — h 

II — 7; — pi 

u — u + n 

M — w — n 

[eH, /(,;)] = (2.8) 

Here 

5(u - w) = ^ u"?;™ 

n+m— — 1 

satisfies the property 

(5(u - v)j{u) = (5(-u - «)/(«). 
The comultiplication is given by the same formulas 

oc 

A(e±(w)) = e±(7/) 1 + ^(-l)'=h2*^(/±(7/ + h))'/i±(u) ® (e±(u)) 



fc+i 



A(/±(u)) = 1 /±(u) + Y,{-\f^^\j^{u)f^' ® h^{u){e^{u + h))' 

oc 

A{h^{u)) = ^(-l)"-(fc + l)h2'=(/±(w + h))''/i±(u) ® h^{u){e^{u + h))^ (2.9) 

fc=0 

Subalgebra = Y{sl2) C DY{sl2) is generated by the components of e+(u}, /+(u), h'^{u) and its dual 
with opposite comultiplication Y~ = (^(5/2))*^ is a formal completion (see (2/7)) of subalgebra, generated 

by the components of e~{u), f~(u), h~{u). 

Let us describe the Hopf pairing of y+ and Y^ |KT|. Note that by a Hopf pairing <, >: A(g) B C 
we mean bilinear map satisfying the conditions 

< 0,6162 >=< A(a),5i ® 62 >, < aia2,6 a2 (g)ai, A(6) > (2-10) 

The last condition is unusual but convenient in a work with quantum double. 

Let E^, H^, be subalgebras (or their completions in Y~ case) generated by the components of 
e^(w), h^{u), f^{u). Subalgebras and F^ do not contain the unit. 



3 



The first property of the Hopf pairing (E)Y ^ C is that it preserves the decompositions 

Y+ = E+H+F+, Y-=F-H-E-. 

It means that 

< e+h+f+, .rh-e- >=< e+, >< h+^h' >< /+, > (2.11) 

for any elements G E^, G H^, G F^. This property defines the pairing uniquely together with 
the relations 

< e+{u)J-{v) >= -, < f+iu),e~iv) >= — 

n{u — v) n{u — V) 

<h^{u),h [v) >= -. 

u — V — n 

The f ull in formation of the pairing is encoded in the universal iJ- matrix for DY{sl2) which has the following 



form iKl| : 



n = R+RqR- , (2.12) 

where 

R+ = Y[cic-p{-hek® f-k^i) , i?_ = J|cxp(-h/fe ® e_fe_i) , (2.13) 



k>0 k>0 



i?o = TT exphRes„=„(-^A:+(u)) (g) fc (z; + 2nh + h), (2.14) 

J- J- nil 



du 



Here fc±(w) = iln/i±(u). 



3 Central extension of DY{sl2) 

Let d = ^ be the operator of derivation of a spectral parameter: dg{u) — -^g{u) and Tx — exp(a;(i) be the 
shift operator: Txg{u) = g{u + x). 

Let us define semidirect products Y^ ■ C[[d]], degd — —1, in a natural way: 

[d,e±(w)] = Ae±(^), [dM{u)]^^h^{u), [d,/±(u)]^ A/±(y). (3.1) 
du au au 



Proposition 3.1 Semidirect products Y^ ■ C[[d]] are Hopf algebras if we put 

A{d) =d(g)l + l(g)d 

The proof follows by induction from the observation that 

A(ai) = (g) 1 + 1 ® flj + terms of degree lower then i 

for a = e,h, f. Another argument is that the coproduct of a^{u) can be expressed again in terms of a^{u). 

Denote by Y~ the Hopf algebra Y~ ■ C[[d]]. Let F"*" be the following Hopf algebra: Y^ is a tensor 
product of Y~^ and of polynomial ring of central element c, degc = 0, as an algebra: 

Y+ = Y+(g)C[c], 

A^^(c) = c(g) 1 + 1 (g) c 

and 

A^^a+{u) = (Id ® T-^ J Ay+a+iu) (3.2) 

for a = e^h^ f. For instance, 

oo 

A^^e+{u) = e+(w) (g 1 + ^(-l)'=h2'= (/+(« + fi))h+{u) ® {e+{u - hci))''+\ 

fe=0 

where ci = c (g) 1. 
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Proposition 3.2 There exists unique extension of the Hopf pairing from >Si Y"^ to Y^ Y satisfying 
the conditions: 

(i) <c,d>=i; 

(ii) The Hopf pairing preserves the decompositions 

Y+ = Y+C[c], Y-=Y-C[[d]] 

Proof. Let a"*" (u ) G Y~^, b~{u) G Y^ , < a+(u), b^(v) >= f{u — v) and 7 is a number, 7 G C. Then, due to 
(i), (ii) and (|3.2|) 

< a+{u),e'i%~{v)e-'"^ >^< a+ {u), e''%- {v) >= 
< Ap^a+(u),e'^'' (g) 6"(u) >= /(w - x - 7) ^< a+{u),b^ {v + -f) > . 
which proves the compatibility of the extended pairing with the relations ( |3.l[ ). 



Definition 3.1 Central extension DY{sl2) of DY (SI2) is quantum double D{Y^) of the Hopf algebra Y^ 
Y+ish). 

Equivalently, DY{sl2) is the double D{Y^) with opposite comultiplication. 
The following theorem describes DY{sl2) explicitely as a Hopf algebra. 



Tiieorem 3.1 DY{sl2) is isomorphic to a formal completion (see ^2. '| j ) of the algebra with generators 
Sk,fk,hk, k ^Ti, d and central element c with the relations written in terms of generating functions: 

[d, e{u)] = ^e(w), [d, f{u)] = ^/H, [d, h^{u)] = -^h^in), 



e{u)e{v) — e(v)e{u) 

u — V — h 

h^{u)e{v) = "'"'^I' e{v)h^{u) 
u — V — h 

hHu)f{v) = "'"7^"^' f{v)hHu) 
u — u + h — nc 

h-{u)f{v) ^ "'"^7^' f{v)h-{u) 

h+{u)h {v) = — — —h {v)h+{u) 

u — V — n u — V + n — nc 

[e{u),f{v)] = l(S{u- {v + hc))h+{u)-S{u-v)h-{v)) (3.3) 

h 

The comultiplication is given by the relations 

oc 

A{e%u)) = e'{u) ® 1 + ^(-l)'=h2'= (/^(m + h - S,.^+hci)fh'{u) ® {e'{u - 6,,+hci)f^\ 

k=0 



Aih^u)) = ^(-l)'^(fc + l)h^''{f^u + h - (5e,+hci))''/i"(w) ® h^u - 6,^+hci){e%u + h - S,^+hci))\ 

k=Q 

00 

-ij-n- -^/-^li + Oe^+ncaj;''^^ 

fc=0 

where £ = ±, (5+.+ = 1 and (5-,+ — 0. 



A{f%u)) = 1 f%u) + ^(-l)'=h2'=(r(ri + 5.,+hc2))'+' ® h%u){e%u + h))\ (3.4) 
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and 



The proof of Theorem 3.1 reduces to explicit calculation of commutation relations in quantum double of 
In abstract Sweedler notation for a double of a Hopf algebra A these relations have the following form: 

a-b^< a(i), 5(1) > < 5-i(a(3)), 6(3) > 5(2) . a^^) (3.5) 

where a e A, 6 G A'^{x) = (A Id)A{x) = x'^^'> x'^' (g) x'^^\ S is antipode in A. 

For the calculatio n o f (|3.5| ) we need the following partial information about A^ and S^^ in which 
one can deduce from (2^) or directly by induction: 

S~^e+{u) = -e{u - hc)h-\u - he) mod E+Y+F+, 

S-^f+{u) = -h-^u - hc)f{u - he) mod E+Y+F+, 

S-^h+{u) :=:h-\u-hc) mod E+Y+F+ (3.6) 

A'^e'^iu) = {ef{u) + K^{u)e^{u) + K^{u)h^{u)ef{u)- 
-h^hf{u)ff(u - h)(ej(u))2 - 2h^hf{u)ff{u - h)e^(u - h)h^ {u)ef {u)) mod 

A'f^iu) = (fiiu) + f^{u)hf{u) + ft{u)h^{u)hf{u)- 
-h\f^iu)fefiu - h)hfiu) ~ 2h'f^iu)htiu)f^iu - h)etiu - h)hfiu)) mod X± 

A^h^iu) = {hf{u)h^{u)hf{u) - 2h^hf{u)hf{u)f^{u - h)ef{u - h)hf{u)- 

-2h^hf{u)f^{u-h)ef{u~h)h^{u)hf{u)) mod (3.7) 

K+ =Id® T-| ® T^(\+C2V K- ^Id®Id® Id, 
= {H^F^ + H^)C^ ®Y^® E^^C^ + F^'^C^ ®Y^ ® (E^H^ + H^)C^, 

C+ ~ C[e], C~ = C[[d]], and, as usually, ai{u) means a{u) ®1®1, a2{u) — l®a{u) ® 1, 03(14) — 1® l®a{u). 
The substitution of ( p.7D into (3.6) gives the following relations between generators of Y^ and Y^ : 

[e (u), e [v)\ ~ — h- 



where 



u ^ V 



h u — V 

r+. .1 J/i-(^;),(e+(^)-e-(^))} 
[e+(w), ft.^(w)] = h — — , 

{h+{u),{e+{u)-e-{v))} 



[h+{u),e-{v)] = ^h 



U — V 



[/.+(.),/-(.)] ^h^^"(-)'(^"(-)--^'(-»>, 

u — V 

h^iujli (v) = • — n (v)tr(u) 

^ _ 1 f h+{u) h-{v) 



[/-(u),e+(«)] = -- 
[f+{u),h-{v)]=h 



h \ u — V u — v — hcj' 

{h-iv),if-iv)-rium ^ 

u — ti — he ' 
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if+{u)-f-iv)r 



e {u)e 

After a change of variables 



+ (.,\.id - e'^'^e+iu - 7), h+{u)e'"^ ^ e"^h+{u - 7), 



/+(u)e^'^ = e^V(^-7)- 



(3.8) 



/ncw(w) = /old(" + M> 

/(«) - f+M - /-(w), = e+{u) - e-{u) 



we get the relations ([3.3|) and comultiplication rules (3.4). The theorem is proved 



As a consequence of Proposition 3.2 and of the description of the universal i?-niatrix for DY[sl2) we 



have the explicit formula for the universal i?-matrix for DY{sl2). 
Theorem 3.2 



where 



TZ = R+RqR- exp(hc d) , 
R+ = Y[ cxp(-heA; ® /-fc-i) , ^- = 11 cxp(-hgfc ® e_fc_i) 



(3.9) 



fc>0 



fe>0 



9k 



E 



fc! 



m!(fc — m)! 



/A;_„i(hc)^ 



i?o = TTexphRes„=t,(— A:+(u))(g)fc~(w + 2nh + h), 

n>0 

Here k^{u) = iln/i±(u). 

The universal i?- matrix for DY[sl2) can be rewritten also in slightly more symmetric form: 



(3.10) 
(3.11) 



7?. — R'_^R'i^R'_ 



where 



R'+ ^ R+, R'o^ Rq exp(hc d), R'_ = Yl exp(-h/fe ® e_fe_i) . 

fc>0 

4 L-operator presentation of DY{sl2) 

Let p(x) = T_a;p(0) be the action of DY{sl2) in two-dimensional evaluation representation Wx of DY{sl2)- 
In a basis w± this action looks as follows: 



Let 



and 



ekw+ = fkW- = 0, efcW- = x''w+, fkW+ = x''w-, hkW+ = x''w+, hkW- = ~x''w- 

L+{x) = (p(x) ® /d)exp(hd® c)(7^^l)-^ 
i~(a;) = {p{x) ® Id)ne-x^{-YLC® d), 

R+{x-y) = {p{x)® p{y))exp{M(»c){TZ^^y'^, 
R^{x — y) — ip{x) (8) p{y))TZexp{—'hc d). 



(4.1) 



We have [|CT| 



/ 1 








M 





u 

u+n 


n 

it+h 








K 


li 

M+n 





\o 








1 / 



(4.2) 
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where 



The Yang-Baxter equation on TZ impUes the following relations on _L+ and L (see [ FR ] for detailes in Uq (g) 
case): 

RUx - y)Lt{x)Lf{y) - if (y) if (x) Rt,{x - y) (4.3) 
RUx - y ~ ^c)L^{x)L+{y) - L+(y)L^ (x)i?+ (a; - y) (4.4) 
where Li = L ® Id, L2 — Id® L. The properties of comultiplication for TZ: 

{A(g> I d)n = 11^^11^^, (Id® A)n = n^^n^^ 

imply the comultiplication rules for L^: 

A'L+{x)^L+{x-~hc2)<»L+{x), or A/+(u) = ^ /^^ (m) Z,4(w - hci), 

k 

A'L-{x)=L-{x)®L-{x), or A/,:^(?/) - ^ /"(u) ® /"(m). 



The explicit formula for the universal i?- matrix and (i.l) express Gauss factors of the L-operators in terms 
of Drinfeld generators: 



L+{x) 



L-[x) 



1 h/+(a;-hc) \ / k+{x) \ / 1 
1 / V ^t^"^) ) V ^e+{x) 1 



1 hf-{x) \ ( fcr(x) \ / 1 
1 / V ^2i^) J V Iie"(a;) 1 



with h^{x) = (a;) ^ki{x), {x)k2 {x — h) = 1 analogous to Ding-Frenkel formulas for Uq{gl^) |DF] 



Note that Frenkel and Reshetikhin use more symmetric form of the equation (4.4), using the shifts of 
spectral parameter in both sides of equation. One can get analogous form via twisting of comultiplication 
in DY{sl2) by elements exp(ahc (g) d) and exp(/3hd (>D c), a,P G C. For quantum affine algebras such 
renormalizations are initiated by the condition of consistency with Cartan involution in quantum affine 
algebra. There is no analogous motivation in our case so we do not use these twists. 



5 Basic representations of DY{sl2] 



Let Ti. be Heisenberg algebra generated by free bosons with zero mode a±„, n > 1, ao = a and p = da with 
commutation relations 

[an, am] = n6n+,n.o, [p,aQ] = 2. (5.1) 
In the following we use the generating functions 

a+(.) = Yl -^-" -P^ogz, a.iz) = Yl — + ?' (5-2) 

n>l n>l 

a(z) = a+(z) — a_ (z), (j)±{z) — exp a±(z). (5-3) 

They satisfy the relation 

[a+{z),a-{u)] = - \og{z-w) 
Let Ai,i ~ 0,1 be formal power extensions of the Fock spaces: 

A, = C[[a_i, . . . , a_„, . . .]] (©„ez+^Ce"" 
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The following relations define an action of DY{sl2) on Ai with central charge c — 1. We call them basic 
representations of DY{sl2)- 



e(u) 

/(") 
h~{u) 
h+{u) 



exp ^ — [{u - h)" + u"] exp 



exp - y ^ [{u + h)" + u 
\ n , 

\ n=l / 

Coo 
^^[(^,_ii)"-(u+hn 
n— 1 

/ oo 



. n 

\ n— 1 
/ oo 

/ \ ^ On 



-h 



The action of e'''^, 7 e C is defined by the prescriptions 

e-^'' • (1 1) = 1 1 



(5.4) 



(5.5) 



and 



-■yd (" + fc - 1)! fe 



/c>0 



(n)! 



0<fc<n 



(n - A:)!fc! 



a„-fc7' + (-1)"7>, ^ > 1, 



(5.6) 



Note that the relations (5^) define an automorphism of Heisenberg algebra T^a{z) — a{z + 7). 

In terms of generating functions (l)±{z) the action of DY{sl2) in basic representations has the following 
compact form: 

e{u) ~ (j}-{u — h)0_(u)0^"'"(u), 

h~{u) = (j)-{u- h)(/)i^(w + h), 

e^'^(t)±{u)^(t)±{u + -i)e'<^ (5.7) 



The relations (5.4), ( [4.l[ ), ( p.4| ) give possibility to write down bozonized expressions for intertwining 
operators of type one and two <i>(z) : — » Ai_j ® Wz, ^'(z) : Wz (g) Ai_i analogous to the case of 

Ug{sl2) pFJMN| . More concretely, let 

$(z) : A, ^ Ai_, ® W'^, ^{z) : A,^Wz^Ai_„ x e DYjsh) 

satisfy the relations 

>I>(z)a; = A(a;)$(z), ^'(z)x = A(a;)*(z). 
The components of intertwining operators are defined as follows 

<^{z)v ^ $+(z)u u+ + <i>_(z)u ® vl/(2;)w = ti+ (g) ^i+{z)v + V-® 'i!-{z)v, 

where v G Aq or in Ai. Then, for instance, ^'-(z) is the solution of the system of equations 

$_(z)/i+(ii) ^ !i^l^^/i+(u)$_(z). 
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(f>_(z)/i (m) 



and 

Formal solution of (f3.^) is 



u — z 

$_(z)e(u) = e(u)$_(z), 
$+(z) = $_(z)/o-/o$-W. 



fe=0 



(z - h - 2fcli) 



modulo normalization factors depending on i. 

S.Pakuliak suggested the following regularization of the formal solution (5.9): 



$_(z) = exp^— (z + h) 



(2h) 



<?c/2 



' r(^-^) 



fc=0 



J]^ exp - ^ — [(z - 2fch)-" ~{z^h^ 2fcli)-"] 



(5.8) 



(5.9) 



(5.10) 



Let us note that our form of presentation (5/7) for basic representations and (5_^) for corresponding in- 
tertwining operators <i>(z) and ^'(z) looks to be quite general. In particular, one can see that the Frenkel-Jing 
[FJ] formulas for basic representations of Uq{sl2) and corresponding expressions for intertwining operators 
$(z) and vE'(z) |JM] could be rewritten in a form analogous to (5.7) and ( p^ ) using usual boson field a(z) 
and multiplicative shifts of spectral parameter. 

It will be interesting to equip basic representations of DY{sl2) with invariant bilinear form and with a 
structure of topological representation. 

An application of intertwining operators for DY{sl2) to calculation of correlation functions in su{2)- 
invariant Thirring model is given in forthcoming paper [KLP|. 



6 The general case 

The arguments of section 3 prove that there exists central extension DY(g) of the Yangian double for any 
simple finite-dimensional Lie algebra g. Technical computations of the relations in the double are more 
complicated in general case and we did not make them up to the end. Nevertheless in this section we 
communicate the algebraic structure of DY{g). 

Let g be a simple Lie algebra with a standard Cartan matrix A = iciij)^ j^q, a system of simple roots 
n := {ai, . . . ,a2} and a system of positive roots A+(g). Let := e^., hi := /iq., fi fa- e_Q., 
(i = 1, . . . , r), be Chevalley generators and {e^, /^}, (7 € A), be Cartan- Weyl basis in g, normalized so that 

i^aj fa) — 1- 

Let us first describe DY{g) as an algebra. 



Central extension DY{g) of the Yangian Y{g) is a formal completion (see (2.7)) of the algebra generated 
by the elements 6,^. := e„^_fe, h^k ■= ha,,k, fik ■= fai,ki (i = 1, fc = 0, 1, 2, . . .), c and d, degeik = 

deg/ife = deghik — k, degc = 0, degd = — 1. The relations are written in terms of generating functions 

ef{u):=±Y,e^kU-''-\ fHu):=±Y,f,kU-''-\ /i±(m) 1 ± h^ 

fc>0 fc>0 fc>0 

k<0 k<0 k<0 

Ci (m) = e+ (u) - e" (u) , /; (u) = /+ (u) - / " (u) : 
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U-V + hbij , . f . 
ei{u)ej(v) = — ei{v)e-i{u) 



M^)m = J' Mv).m 



u — 


V 


— "fAij 


u — 


V 


- ^^biJ 


u — 


V 


+ ^^biJ 


u — 


V 


+ h^bij 


u — 


V 


- ^bij 


u — 


V 


- My 


u — 


V 


+ ^^biJ 


u — 


V 


- hb^J 


u — 


V 


+ ^^biJ 


u — 


V 


+ ^^b^J 


u — 


V 





* ^ u — V — hbij u — V + hbij — hbij c * 

[e,{u)J,{v)] = ^-^{5{u-{v + hbucj)h+{u)-S{u~v)h-{v)), 

j Sy^{k}[ei{uk,)[e^iuk^)■■■[e^iuk„^^,ej{v)]...]]^0 

\ Sym{,j[/,KJ[/,KJ...[/,(z.fe„^^.,/,H]...]]=0 1°'- ' l^-^i 

Here b,j = ^{ai,aj), riij = 1 - Ay . 

Hopf algebra DY{g) is the double of a Hopf algebra Y^{g) which is isomorphic to tensor product 
y(g) ® C[c] as an algebra. The comultiplication in ^"'"(g) is given by the following rules, where we identify 
elements of U{g) with corresponding elements of Y{g) generated by Cip, hi^, fiQ. 

A(c) = c® 1 + 1 c, 

A{x) — xiSil + l>Syix, X e g , 

A(eii) = eii (g) 1 + 1 (X) ea + h(/iio - c) (g) Cio - h ^ (g) [bq,, e^] , 

76A+(3) 

A(/,i) = /a g> 1 + 1 g>/a +h/,o g) (/lio +c) + h \fc.,^fi\®e,^^ 

7eA+(g) 

l^{hii)^hii®l + l®hii->r'h{hiQ-c)®hiQ-'^ ^ (ai,7)/^ (g) . (6.2) 

76A+(3) 

There is also partial information about comultiplication for basic fields in DY{g): 

A(ef (u)) = A± (ef(M) ® 1 + /if (u) ef{u)) mod ^^^r±(g) ® 

A(/±(u)) - i3± (1 ® /±H + ® mod ® i?±y±(g), 

A(/i±(u)) = A±/i=^(m) g) hf{u) mod i^^r=^(g) g) £^=^F=^(g) (6.3) 

where 

A+ =Id® T-^i, B+ = Ti^nc g) A- = B- = /d g) Id, 

and F± are subalgebras generated by the components of e^{u) and f^{u), i — l,2,...,r = rankg, 

y-(g) = (f+(g))o. 

Note that, to the contrary to SI2 case, there is no explicit formula for the comultiplication in Y^{g) 
except that it is dual to the multiplication in Y^ (g) with respect to their Hopf pairing. This pairing preserves 
the same decompositions as in SI2 case and for the basic fields we have |KT] 

< et{u)J-iv) < f+iu),e-iv) >^ ^'-^ 



h(w — w) ' ' h(u — v) ' 
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<h^(u),h (v) >= — and <c,d>=- 

u — V — aba a 



Analogously to 5/2 case, the universal i?-matrix TZ for DY{g) could be reconstructed from that of DY{g,) 
by the same procedure. Unfortunately, complete exact formula for TZ is not known in general case. 
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where this work was started. The work was supported by ISF grant MBI300 and Russian Foundation for 
Fundamental Researches. 



References 

[DFJMN] Davies, B., Foda, O., Jimbo, M., Miwa, T., and Nakayashiki, A. Diagonalization of the XXZ 
Hamiltonian by vertex operators. Comm. Math. Phys. 151 (1993), 89-153. 

[Dl] Drinfeld, V.G. Hopf algebras and quantum Yang-Baxter equation. Soviet Math. Dokl. 283 (1985), 
1060-1064. 

[D2] Drinfeld, V.G. A new realization of Yangians and quantized afBne algebras. Soviet Math. Dokl. 32 
(1988), 212-216. 

[DF] Ding, J., and Frenkel, LB. Isomorphism of two realizations of quantum afRne algebras Uq{gl{n)). 
Commun. Math. Phys., (1993), 277-300. 

[FRT] Faddeev, L.D., Reshetikhin, N.Yu. and Takhtajan, L.A. Quantization of Lie groups and Lie algebras. 
Algebra and Analisys 1 (1989), 178-201. 

[FJ] Frenkel, I.B., Jing, N. Vertex operators of quantum afRne algebras. Proc. Nat. Acad. Sci. USA, 85 
(1988), 9373-9377. 

[FR] Frenkel, LB., and Reshetikhin, N.Yu. Quantum afRne algebras and holonomic difference equations. 
Commun. Math. Phys., I46 (1992), 1-60. 

[JM] Jimbo, M., and Miwa, T. Algebraic Analisys of Solvable Lattice Models. Conference Board of the Math. 

Sci., Regional Conference Series in MathemMics, 85 (1995). 

[KLP] Khoroshkin, S., Lebedev, D., Pakuliak, S. Intertwining Operators for the Central Extension of the 
Yangian Double. Preprint DFTUZ/95-28, ITEP-TH-15/95. 

[KT] Khoroshkin, S., Tolstoy, V., Yangian Double Lett. Math. Phys., to appear. 

[M] Molev, A.L, Private communication. 

[RS] Reshetikhin, N. Yu., Semenov-Tyan-Shansky, M. A. Central extensions of quantum current groups. 
Let. Math. Phys. 19 (1990), 133-142. 

[S] Smirnov, F.A. Dinamical symmetries of massive integrable models Jour. Mod. Phys. A, 7 suppl. IB 
(1992), 813-838. 



12 



